New methods of enhanced laser cooling of particle beams in storage rings and Robinson's damping criterion are discussed.
INTRODUCTION
In the method of ordinary three-dimensional radiative cooling of ion beams a laser beam overlaps an ion beam, its transverse position is motionless, all ions interact with the laser beam independent of their energy and amplitude of betatron oscillations. The difference in rates of momentum loss of ions having maximum and minimum energies in the beam is small. That is why the cooling time of the ion beam is high [1] - [3] .
When a cooling is produced in a dispersion-free straight section and the laser beam intensity is constant inside the area of the laser beam occupied by a being cooled ion beam, then the damping times of the horizontal vertical and phase oscillations are:
where P is the average power of scattered radiation; ε, ion energy; D, saturation parameter. The physics of three-dimensional radiative ion cooling is similar to synchrotron radiation damping. Friction causes the appearance of a reaction force on the emitting particle. Liouville's theorem does not valid for such nonconservative system. At the same time in the case of nonselective interaction the Robinson's damping criterion is valid: the sum of damping decrements (inverse damping times) is a constant. In a particular choice of lattice and laser or material target, damping rates can be shifted between different degrees of freedom. However the decrements are limited by the value τ y,s ≥ 2(1 + D)ε/(2 + D)P > 0 [4, 5] .
ENHANCED LASER COOLING
The first method of enhanced one-dimensional laser cooling of ion beams in the longitudinal plane is based on the resonance Rayleigh scattering of "monochromatic" laser photons by not fully stripped ion beams or by complicated nuclei [6] - [10] . In this method the laser beam overlaps the ion beam and has a chirp of frequency. Ions interact with the laser beam at resonance energy, decrease their energy in the process of the laser frequency scanning until all of them reach the minimum energy of ions in the beam. At this frequency the laser beam is switched off. The higher energy of ions the earlier they begin interaction with the laser beam, the longer the time of interaction. Ions of minimum energy do not interact with the laser beam at all. In such a way, in this method, the selective interaction is realized. The damping time of the ion beam in the longitudinal plane is determined by the dispersion of its energy spread
According to (1) , the damping times of betatron and phase oscillations in the three-dimensional radiative method of cooling are equal to the time interval necessary for the ion energy loss, which is about the two-fold and four-fold initial energy of the ion, accordingly. The damping time (2) is ε/σ ε ∼ 10 3 times less than (1). The selectivity of interaction leads to the violation of the Robinson's damping criterion and open the possibility of enhanced cooling.
Below we will consider the non-resonance methods of enhanced cooling of ions and other particles both in the longitudinal and transverse planes. The universal kind of selective interaction of particles with moving in the radial direction laser beams or media targets will be used. The movement of the laser beam or media target in the radial direction leads to selective interaction with the particle beam. In this case the target at some moment interacts with one part of the being cooled beam and does not interact with the rest [11] , [12] . At the other moment it interacts with another parts of the being cooled beam. By analogy with the first method of enhanced cooling the interaction region change its position in the being cooled beam for the cooling process. Robinson's damping criterion does not work in this case.
New enhanced cooling methods
For the sake of simplicity we will neglect the emission of the synchrotron radiation in the bending magnets of the storage rings, supposing that the RF system of a storage ring is switched off and the broadband laser beams are homogeneous and have sharp edges in the radial directions. We suppose that the jump of their instantaneous orbits caused by the energy loss is less than the amplitude of betatron oscillations. In a smooth approximation, the movement of an ion relative to its instantaneous orbit is described by the equation x β = A cos(Ωt+ϕ), where x β = x−x η is the ion deviation from the instantaneous orbit x η ; x, its radial coordinate; A and Ω, the amplitude and the frequency of betatron oscillations. If the coordinate x β 0 and transverse radial velocity of the ionẋ β 0 = −AΩ sin(Ωt 0 +ϕ) correspond to the moment t 0 of change of the ion energy in a laser beam then the amplitude of betatron oscillations
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of the ion before an interaction is A 0 = x 2 β 0 +ẋ 2 β 0 /Ω 2 . After the interaction, the position of the ion instantaneous orbit will be changed by a value δx η , the deviation of the ion relative to the new orbit will be x β 0 − δx η , and the direction of its velocity will not be changed. The new amplitude will be A 1 = (x β 0 − δx η ) 2 +ẋ 2 β 0 /Ω 2 and the change of the square of the amplitude
When |δx η | |x β 0 | < A 0 then in the first approximation the value δA = −(x β 0 /A)δx η . From this it follows that to produce the enhanced cooling of an ion beam in the transverse plane we must create such conditions when ions interact with a laser beam under deviations from the instantaneous orbit x β0 of one sign (x β 0 < 0, when the dispersion function is positive ∂x η /∂ε > 0 or in the opposite case x β 0 > 0, ∂x η /∂ε < 0). In this case the value δA has one sign and the rate of change of amplitudes of betatron oscillations of ions ∂A/∂t is maximum. A selective interaction of ions with the laser beam is necessary to realize this case.
Two schemes of a selective interaction of ion and laser beams for cooling of ion beams in the transverse and longitudinal planes can be suggested. For the transverse cooling, the laser beam T 1 is used. At the initial moment it overlaps a small external part of the ion beam in the radial direction in the straight section of the storage ring with non zero dispersion function. First ions with largest initial amplitudes of betatron oscillations interact with the laser beam. Immediately after the interaction and loss of the energy the position and direction of momentum of an ion remain the same, but the instantaneous orbit is displaced inward in the direction of the laser beam. The radial coordinate of the instantaneous orbit and the amplitude of betatron oscillations are decreased to the same value owing to the dispersion coupling. After every interaction the position of the instantaneous orbit approaches the laser beam more and more, and the amplitude of betatron oscillations is coming smaller. It will reach some small value when the instantaneous orbit reaches the edge of the laser beam. When the depth of dipping of the instantaneous orbit of the ion in the laser beam becomes greater than the amplitude of its betatron oscillations, the orbit will continue its movement in the laser beam with constant velocity. The amplitude of betatron oscillations will not be changed.
The degree of overlapping is changed by moving uniformly the laser beam position from inside in the direction of the being cooled ion beam with some velocity v T1
1 . When the laser beam reaches the instantaneous orbit corresponding to ions of maximum energies then the laser beam must be switched off and returned to a previous position.
All ions of the beam will have small amplitudes of betatron oscillations and increased energy spread. Ions with high amplitudes of betatron oscillations will start to interact with a laser beam first, their duration of interaction and absolute decrease of amplitudes of betatron oscillations will be higher.
To realize the second enhanced cooling of an ion beam in the longitudinal plane we can use a broadband laser beam T 2 located in the straight section of a storage ring with non zero dispersion function. The radial laser beam position is moving uniformly from outside in the direction of the being cooled ion beam with a velocity v T2 higher than maximum velocity of the ion instantaneous orbit deepened in the laser beam. At the initial moment, the laser beam overlaps only a small part of the ion beam. The degree of overlapping is changed in such a way that ions of maximum energy, first and then ions of lesser energy, come into interaction. When the laser beam reaches the orbit of ions of minimum energy then it must be switched off and returned to the previous position. In this case, the rate of the energy loss of ions in the beam will not be increased, but the difference in duration of interaction and hence in the energy losses of ions having maximum and minimum energies will be increased essentially. As a result all ions will be gathered at the minimum energy in a short time.
Interaction of ion beams with transversely moving laser beams
In the methods of enhanced laser cooling of ion beams the internal and external laser beam positions are displaced in the transverse directions. Below the evolution of amplitudes of betatron oscillations and positions of instantaneous orbits in the process of the energy loss of ions in laser beams will be analyzed. The velocity of an ion instantaneous orbitẋ η depends on the distance x T1,2 − x η between the edge of the laser beam and the instantaneous orbit, and on the amplitude of betatron oscillations. When the orbit enters the laser beam at the depth higher than the amplitude of betatron oscillations then ions interact with the laser beam every turn and theirs velocity reaches the maximum valueẋ η in which is given by the intensity and the length of the interaction region of the ion and laser beams. In the general case, the velocitẏ x η can be presented in the formẋ η = W ·ẋ η in , where W is the probability of an ion crossing the laser beam. W is the ratio to a period of a part of the period of betatron oscillations of the ion determined by the condition |x T12 − x η | ≤ |x 0 | ≤ A when the deviation of the ion from the instantaneous orbit at azimuths of the laser beam is directed to the laser beam and is greater than the distance between the orbit and the laser beam. When the length of the laser beam is much less than the length of the period of ion betatron oscillations, the probability can be presented in the form W = ϕ 1,2 /π, where
The behavior of the amplitudes of betatron oscillations of ions, according to (3) , is determined by the equation ∂A/∂x η = − < x β 0 > /A, where < x β 0 > is the ion deviation from the instantaneous orbit averaged through the range of phases 2ϕ 1,2 of betatron oscillations where ions cross the laser beam. The value < x β 0 >= ±Asinc ϕ 1,2 , where sincϕ 1,2 = sinϕ 1,2 /ϕ 1,2 , signs + and − are related to the first and second laser beams. Thus the cooling processes are determined by the system of equations
From equations (4) 
Let the initial instantaneous ion orbits be distributed in a region ±σ x,ε,0 relative to the location of the middle instantaneous orbit x η , and the initial amplitudes of ion radial betatron oscillations A 0 be distributed in a region σ x,b,0 relative to their instantaneous orbits, where σ x,ε,0 and σ x,b,0 are dispersions. The dispersion σ x,ε,0 is determined by the initial energy spread σ ε,0 .
Suppose that the initial spread of amplitudes of betatron oscillations of ions σ x,b,0 is identical for all instantaneous orbits of the beam. The velocities of the instantaneous orbits in a laser beamẋ η in < 0, the transverse velocities of the first laser beams v T1 > 0, and v T2 < 0. Below we will use the relative radial velocities of the laser beam displace-
From the definition of ξ 1,2 we have a relation
Equating this value to the second term in (4) we will receive the time derivative
Using this equation we can transform the first value in (4) to the form ±sincϕ 1, 2 
where the index 0 correspond to the initial time. Substituting the values A and ∂A/∂ξ 1,2 determined by (7) in (6) we find the relation between time of observation and parameter ξ 1,2
where
The equations (8) determine the time dependence of the functions ξ 1,2 (t − t 0 ). The dependence of the amplitudes A[ξ 1,2 (t−t 0 )] is determined by the equation (7) through the functions ξ 1,2 (t−t 0 ) in a parametric form. The dependence of the position of the instantaneous orbit follows from the definition of ξ 1,2
The function ψ(k 2 , ξ 2 ) for the case k 2 > 0 according to (8) can be presented in the form
The instantaneous orbits of ions having initial amplitudes of betatron oscillations A 0 will be deepened into the laser beam to the depth greater than their final amplitudes of betatron oscillations A f at a moment t f . According to (8) (10) is presented in Table 1 . Numerical calculations of the dependence ψ(k 2 , ξ 2 ) on ξ 2 for the cases k 2 = 1.0, k 2 = 1.1 and k 2 = 1.5 are presented in Tables 2, 3 , and 4, respectively. It can be presented in the next approximate form
The enhanced transverse laser cooling
In the method of the enhanced transverse laser cooling of ion beams a laser beam T 1 is located in the region (x T1 , x T1 − a), where a is the laser beam width. The degree of the transverse cooling of the ion beam is determined by (7) . The final amplitude in this case can be presented in the form .77 1
The numerical calculations of the dependence of the ratio A f /A 0 on the relative radial velocity k 1 of the laser beam displacement are presented Table 5 for the case ξ 1,0 = −1, ξ 1,f = 1. This dependence can be presented by the approximate expression 
where σ x,0 = σ x,b,0 +σ x,ε,0 is the total initial radial dimension of the ion beam. For the time τ x,1 the instantaneous orbits of ions of a beam having minimum energy and maximum amplitudes of betatron oscillations at |k 1 | 1 pass the distance ∼ |ẋ η in |τ x,1 .
According to (13) and (14) the enhanced transverse laser cooling can lead to an appreciable degree of cooling of ion beams in the transverse plane and a much greater degree of heating in the longitudinal one. From this it follows that the four-and six-dimensional emittances of the beam will be increased. Straight sections with low-beta and high dispersion functions have to use. In this case the radial beam dimension (14) will be lesser and lesser events of photon emission are required to cool the beam in the transverse direction, as the change of amplitudes of betatron oscillations of ions is of the order of the change of positions of their instantaneous orbits. Meanwhile, the spread of amplitudes of betatron oscillations is small and the step between positions of instantaneous orbits is high.
Similar method of interaction of external and internal targets with proton beams was described in 1956 by O'Neil [13, 14] . However, O'Neil considered the question of damping of betatron oscillations of proton beams in the transverse direction by means of motionless solid wedgeshaped material targets. The targets in that case could not provide any enhanced cooling. They could be used for injection and capture of only one portion of protons. For the multi-cycle injection and storage of protons O'Neil suggested an ordinary three-dimensional ionization cooling based on a thin hydrogen jet target located in a working region of the storage ring.
The enhanced longitudinal laser cooling
In the method of the enhanced longitudinal laser cooling of ion beams a laser beam T 2 is located in the region (x T2 , x T2 + a). Its radial position is displaced uniformly with the velocity v T2 < 0, |v T2 | > |ẋ η in | from outside of the working region of the storage ring in the direction of a being cooled ion beam. The instantaneous orbits of ions will go in the same direction with a velocity |ẋ η | ≤ |ẋ η in | beginning from the moment of their first interaction with the laser beam. When the laser beam reaches the instantaneous orbit of ions having minimum initial energies it must be removed to the initial position.
The law of change of the amplitudes of ion betatron oscillations is determined by (7) , which can be presented in the form
The dependence of the ratio of a final amplitude of ion betatron oscillations A f = A(ξ 2 = 1) to the initial one on the relative velocity k 2 of the second laser beam is presented in Table 6 . This ratio can be presented by the next approximate expression The evolution of instantaneous orbits of ions interacting with the laser beam depends on the initial amplitudes of betatron oscillations of these ions. First of all the laser beam T 2 interacts with ions having the largest initial amplitudes of betatron oscillations A 0 = σ x,b,0 and the highest energies. The instantaneous orbit of these ions, according to (7) - (9), is changed by the law x η1 = x T2,0 + v T2 (t − t 01 ) − ξ 2 σ x,b (ξ 2 ) up to the time t = t f , where t 01 is the initial time of interaction of ions with the laser beam. At the same time instantaneous orbits x η2 of ions having the same maximum energy but zero amplitudes of betatron oscillations are at rest up to the moment t 02 = t 01 + σ x,b,0 /|v T2 |. The orbit x η1 is displaced relative to the orbit x η2 by the distance ∆x η1−2 = (x η1 − x η2 ). At the moment t 02 , when x η2 = x T2 , this distance reaches the minimum
where the parameter ξ 2 (t 02 ), according to (8) The instantaneous orbit of particles x η2 inside the interval t 02 < t ≤ t f is changed by the law
where (15) is presented in Fig.1 . (18) have the maximum
The instantaneous orbit x η2 will be at a distance x η2−3 = [(k 2 −1)/k 2 ]σ x,η,0 from the motionless instantaneous orbit x η3 of ions having minimum energy and zero amplitudes of betatron oscillations when the laser beam is stopped at the position x η3 .
If we take into account that the instantaneous orbits of ions having maximum amplitudes of betatron oscillations and the minimum energy are below the instantaneous orbits of ions having zero amplitudes of betatron oscillations and minimum energy, by the value 0.28σ x,b,0 , at the moment of the laser beam stopping then the total radial dispersion of the instantaneous orbits of the beam can be presented in the form
The damping time of the ion beam in the longitudinal plane τ ε = 2σ ε,0 (1 + σ x, b,0 /σ x, ε,0 )/P . According to (20) the efficiency of the enhanced longitudinal laser cooling is the higher the less the ratio of the spread of the initial amplitudes of betatron oscillations to the spread of the instantaneous orbits of the being cooled ion beam.
According to (16) and (20) the enhanced longitudinal laser cooling can lead to a high degree of cooling of ion beams in the longitudinal plane and a much lesser degree of heating in the transverse one. From this it follows that the four-and six-dimensional emittances of the beam will be decreased.
DISCUSSION
In the method of the enhanced transverse laser cooling of ion beams, according to (13) and (14) , the degree of compression of betatron oscillations C 1 = A 0 /A = (1 + |k 1 |)/|k 1 | and the degree of decompression of the spread of the instantaneous orbits of the beam D 1 C 2 1 . In the second method of the enhanced longitudinal laser cooling, according to (16) and (20), there is a significant decrease in the spread of instantaneous orbits of ions defined by the coefficient C 2,l = σ x,ε,0 /σ x,ε,f , and a lesser value of increase in the amplitudes of betatron oscillations D 2 √ C 2 . From this it follows that cooling of ion beams both in the transverse and longitudinal planes, in turn or simultaneously, does not lead to their total cooling in these planes. We can cool ion beams either in the transverse or longitudinal planes or look for combinations of these methods of cooling with other methods.
In the method of enhanced longitudinal laser cooling, contrary to the transverse one, the degree of longitudinal cooling is greater than the degree of heating in the transverse plane. That is why we can use the emittance exchange between longitudinal and transverse planes, e.g., using a synchro-betatron resonance [15] - [18] or dispersion coupling by additional motionless wedge-shaped targets [13, 14, 19] together with the moving target T 2 and in such a way to realize the enhanced two-dimensional cooling of the ion beam based on the longitudinal laser cooling only 2 . When the synchrotron radiation damping of ion beams in guiding magnetic fields of lattices of storage rings is high and the radio frequency accelerating system is switched on then we can do an additional enhanced laser cooling of such beams in the radio frequency buckets. Such cooling in the longitudinal plane can be produced by using of a being displaced laser beam T 2 at the condition when losses of energy by ions in the laser beam are higher than synchrotron radiation losses. Cooling of the ion beams in the RF buckets is another problem to be considered elsewhere.
The enhanced transverse method of laser cooling together with the first enhanced longitudinal one can be used for cooling of ion beams. A heating of the ion beam in the longitudinal plane in the process of the enhanced transverse cooling will be compensated completely by its following cooling in the longitudinal plane.
If the laser beam has a broad spectrum with sharp frequency edges then the transverse method of cooling will lead to the longitudinal as well 3 . Ion beam will be cooled in the transverse plane and all ions will be gathered at some energy lesser than minimal after several cycles of transverse cooling.
CONCLUSION
The enhanced methods of cooling can be applied to ion, electron and muon beams. Such beams can be used in the elementary particle physics and can lead to new generations of light sources [3] , [20] - [22] .
